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Abstract
The purpose of this paper, Part IIA in the trilogy (Int J Appl Glass Sci.

2018;9:263-277; Int J Appl Glass Sci. 2018 (in press); Int J Appl Glass Sci. 2018

(in press)), is to describe the continuum models employed to deduce the physical,

acoustic, and optical properties of optical fibers that exhibit intrinsically low

optical nonlinearities. The continuum models described herein are based on the

additivity approaches of Winklemann and Schott (W-S). Initially developed over

120 years ago, W-S additivity works well for predicting the basic properties of

bulk silicate glasses. While high-silica-content glasses are still the gold-standard

for telecommunication and high energy laser fibers, the models have been

systematically expanded to include deduction of the physical, thermophysical, and

acoustic constants and coefficients that bear on parasitic nonlinearities. The state-

of-the-art in W-S-based continuum materials models is reviewed here with speci-

fic examples provided based on canonical material systems suggested from the

findings of Part I and treated in detail in Part III.
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1 | INTRODUCTION

Without today’s understanding of atomistic and quantum
physics and chemistry and the benefits of modern high per-
formance computing, our scientific ancestors developed
continuum models for predicting the behavior of a range of
materials. Amongst the original approaches was that of
Adolph Winkelmann, who introduced an additivity
approach for calculating the specific heat of (oxide) glasses
of arbitrary composition based on the physical properties of
the individual components.1

That said, one does today have the benefit of high perfor-
mance computing and numerous atomistic and quantum
chemical models and codes with which to simulate the

performance of glasses.2-4 As a matter of fact, the simulation
of glass properties and processing has become so effective,
that glasses have been brought to commercial markets
entirely designed and optimized based on modeling.5

Accordingly, the Readers are then within their rights to won-
der why continuum-level additivity models as described
herein are employed. The simple answer is simplicity . . .

and speed and versatility. In the work described in Compan-
ion Paper III,6 there are entire binary, ternary, and quaternary
glass systems whose properties need to be estimated in order
to predict their physical, acoustic, and optical behavior as
relates to the nonlinearities described in Paper I.7 A macro-
scale continuum approach offers a rapid yet sufficiently
accurate method for screening large computational spaces.
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The mere fact that Hooke’s “Ut tensio sic vis”8 so well
describes the linear elasticity of solids—ensembles of ~1023

atoms/molecules—is a great testament to the power of con-
tinuum approaches.

More specifically, the materials modeling described
herein is not intended to provide specific insights into glass
structure or chemistry. Its principal purposes are to (i)
enable sufficiently accurate extrapolation of data measured
on a few fibers to a broader range of compositions in that
glass family; (ii) help quickly identify precursor core
phases that will yield fibers of the desired properties; (iii)
provide a simplified tool to present the enabling materials
science to fiber designers (who are, at best, amateur glass
scientists); and (iv) after fiber fabrication, provide guidance
for further compositional optimization.

2 | MATERIAL PROPERTY
ADDITIVITY

The additivity models utilized here, and in Companion Paper
II B,9 treat the constituent species comprising the glass as (i)
separable and fully independent of each other and (ii) indi-
vidually well-mixed with no heterogeneities, such as phase
separation or crystallization; see Figure 1 for a representative
schematic. Put another way, the models predict ensemble
averages. A case in point is that of alumina in an aluminosili-
cate glass where properties as a general function of alumina
content, [Al2O3], are deduced even though the aluminum in
Al2O3 is known to exist in multiple coordination environ-
ments.10,11 Further, reactive species, such as Al2O3 and
P2O5, which can form AlPO4, an index-lowering compound
relative to SiO2,

12 are treated as the single final reactant.
As such, and as noted above, this averaging removes

direct physical insight into the glass structure and chemistry,
but reflects the power of these additivity models as effective
tools for the straight-forward property deduction over large
compositional spaces. Therefore, they are useful for the rapid
identification of compositions and compositional ranges for
designer optical fibers with specific performance attributes,
such as the intrinsically low nonlinearities considered in this
trilogy.

Beginning with a simple binary system where m is the
fractional volume* of component A and, therefore, (m�1)
is the fractional volume of component B, one can compute
the time-of-flight for light to propagate through this “un-
mixed” glass segment. If said piece of glass is defined as
being of unit length and its constituents separated into

independent volumes (ie, lengths in a one-dimensional
approximation) that are proportional to their concentrations,
then the time, t, taken for the light to traverse the glass is:

t ¼ mnA
c

þ ð1� mÞnB
c

(1)

where nA,B are the refractive indices of constituents A and
B, respectively, and c is the speed of light in vacuum.
Given the unit length of this representative binary glass,
the time given in Equation 1 is equivalent to an inverse
velocity of light. As such, the numerator in Equation 1
is the linear refractive index of the aggregate glass,
nbinary = mnA + (1�m)nB. As will be discussed further
later, to first order, mixed effects such as thermo-optic,
stress-optic, and optical Kerr effect-related nonlinearities
can be parametrically included.

The (dimensionless) fractional volume, m, of component
A can be determined from the known composition along
with the mass density, q, and molar mass, M, of the 2 com-
ponents (A and B). For a binary system, this is given as,13

mA ¼
MA
qA

½CA�
MA
qA

½CA� þ MB
qB

½CB�
(2)

where [CA] is the concentration of the component A (in
mole fraction or percent). The ratio M/q is the molar vol-
ume, which can depend on the glass thermal history.

While the refractive index is the logical place to begin when
considering optical materials, the additivity approach may be
generalized to other material properties. In its most basic form,
the additivity models follow the governing equation,

G ¼
XN
i¼1

gixi: (3)

Here, x is the additivity parameter of component i (in this
case fractional volume), gi is the physical property of compo-
nent i, and G is the aggregate property value of the glass.

Provided below are examples for the additivity of the
optical, acoustic, and thermal properties required to model
the performance of fibers designed to materially mitigate
the optical nonlinearities described in Companion Paper I.7

Additional details can also be found in Ref.14.

2.1 | A note on the use of crystal versus glass
properties

In some cases, the properties of individual glass formers or
of multicomponent glasses are known directly and the
effective properties of a given component can be deduced
by interpolation or extrapolation. However, in some cases,
only property values for the crystalline precursor phase is

*Fractional volume is employed here since it is the refractive index that is

being used as an example, which is a volumetric material property. Where

additivity in mole fraction is more appropriate, such as in the section on Debye

Temperature and Specific Heat, this will be specified.
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known. This section treats the estimation of the properties
of an amorphous analog to those of the known crystalline
state. These “glassy”† values can then be combined using
the additivity approaches described herein.

The method relies on homogenizing (ie, “relaxing” in
technical vernacular) the single crystal constants, for each
substance, in a self-consistent manner to obtain equivalent
isotropic values. With the elastic constants as an example, the
starting point is homogenization (amorphization) of the elas-
ticities of each crystal constituent using a simple extension of
the Voigt-Reuss-Hill (VRH) procedure.15-18 The extension,
denoted herein as VRHx, yields a single set of relaxed quanti-
ties for each material, rather than a range of values.

Figure 2 portrays the 3 potential scenarios for the binary
application of the W-S additivity algorithm. (A): glass (3)
added to glass (4); (B): glass (3) added to the VRHx relax-
ation of crystal (2); and (C): addition of the VRHx relax-
ations of crystals (1) and (2). It might be expected, and
indeed is found to be the case in practice (eg, Ref. 13), that
scenario (A) generally yields the most accurate results. This
is because, inter alia, each component is already in the
most uniform (glassy) state, where scale lengths of

heterogeneities are reduced to a minimum. Scenario (B)
usually produces results of intermediate accuracy, while
scenario (C) often provides the least reliable predictions of
the 3.

An instructive and typical comparison of scenarios (A)
and (B) may be made by using the admirable experimental
results of Nassau et al,19 on silica, along with the VRHx
procedure applied to the a-alumina values of Goto et al.20

Addition of alumina to silica is shown to result in linear vari-
ations of density and acoustic velocities (shear and pressure
waves), at least up to 10 mole percent alumina.19 From these
relations, using the 10 mole percent values, one finds, for
the mixture, density <q> = 2.284 [g/cm3], and elastic stiff-
ness values <c11> = 90.16 and <c44> = 33.96 [GPa].

Subjecting the a-alumina values of Goto20 to the VRHx
algorithm gives: <c11x> = 471.23, <c44x> = 163.12 [GPa].
Alumina density is taken as q = 3.982 [g/cm3]; this value
is that of the crystal. When incorporated into a glass, this
value will change in a manner dependent on interatomic
forces and molecular sizes; determination of densities of
component species in any given situation is a matter of
some complexity,21 and is one reason for the loss of accu-
racy when using the VRHx procedure in conjunction with
the density of the starting crystal.

When the VRHx alumina values, along with the crystal
density, are used in the W-S additivity formula at 10 mole
% alumina in silica, one finds: <q(mix)> = 2.368 (3.7%);
<c11

(mix)> = 87.75 (2.7%) and <c44
(mix)> = 34.73 (2.3%).

FIGURE 2 Schematic additivity flow-chart for deducing the properties of a multicomponent glass from the properties of its components;
whether in crystalline or glassy precursor forms [Color figure can be viewed at wileyonlinelibrary.com]

FIGURE 1 1, Schematic representation of a homogeneous multicomponent bulk binary glass. 2, Aggregate glass separated into its 2
constituents. If the entire starting length (LA + LB) is a normalized unit length, then each L value represents the fractional volume of that
component [Color figure can be viewed at wileyonlinelibrary.com]

†Use of the word “glassy” here is not meant to imply the existence of a glass

transition, as is one of the conventional requirements for a material to be con-

sidered a glass (the other being that the material is a non-crystalline solid). Its

use is simply a short-hand way to denote an amorphous analog to the crys-

talline composition.
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The values in parentheses are the errors compared to Ref.
19 at 10 mole percent alumina in silica. It is reasonable to
assume that the accuracy could be improved by use of an
improved alumina density value.

Typical scenario (C) examples would be VRHx-reduced
a-alumina mixed with one of the VRHx-reduced poly-
morphs of silica. As indicated above, the resultant mixture
predictions are less accurate, compared to the aluminosili-
cate glass results in Ref. 19. For b-cristobalite, for exam-
ple, one obtains results within 10%-15% for mixtures of a
few mole % alumina in silica.

Voigt15 averaged elastic stiffnesses over all directions in
space whereas Reuss16 did the same for elastic compli-
ances, which are the matrix inverse of stiffness values.
These produce values for non-physical, hypothetical, isotro-
pic substances. Hill17 took arithmetical averages of these
upper (Voigt) and lower (Reuss) bounds, finding that the
averages for Young’s modulus and shear modulus then
agreed better with experiment than either the Voigt or
Reuss bound. The Hill averages still do not produce com-
pletely consistent values when the matrix inverses are com-
pared. The VRHx procedure, which uses repeated
averaging of the averages and inverses, does just this.

The VRHx approach to estimating the elastic properties
of a glass from the corresponding crystal begins with the
Voigt stiffness matrix: cV = cV

(0) and the Reuss compli-
ance matrix: sR = sR

(0). Each is inverted yielding
sV

(0) = (cV
(0))�1 and cR

(0) = (sR
(0))�1, and arithmetic (Hill)

averages are formed: cVR
(1) = (cV

(0) + cR
(0))/2 and sRV

(1) =
(sR

(0) + sV
(0))/2. Continuing inversions: sVR

(n) = (cVR
(n))�1

and cRV
(n) = (sRV

(n))�1 and recursions: cVR
(n+1) = ½(cVR

(n)

+ cRV
(n)) and sRV

(n+1) = ½(sRV
(n) + sVR

(n)) rapidly con-
verge to a consistent set of “best” isotropic matrices, <cx>
and <sx> = <cx>�1. From these coefficients and the mass
density, the shear (S) and pressure (P) wave speeds for
component i are found from,

VPi ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
hcx11ii
qi

s
(4a)

VSi ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
hcx44ii
qi

s
: (4b)

Using both the S and P wave-speeds so determined, one
finds the isotropic elastic constants of the mixture. Key
here is the use of slownesses (VPi

�1 and VSi
�1) in deter-

mining average elasticities. Slowness is proportional to
transit-time, and has a direct physical meaning, whereas the
meanings of velocity averaging, or other criteria, are less
obvious.

Mass density of the mixture (q(mix)) is determined from
Equation 3, using the component densities. Wave speeds
(VP

(mix) & VS
(mix)) are found from Equation 3 using

gPi = VPi
�1 and gSi = VSi

�1. Introducing the Lam�e

constants, k and l, the elasticities of the multicomponent
glass are found using the following relationships:

Isotropic stiffnesses: \c11 [ ¼ qðmixÞðV ðmixÞ
P Þ2 ¼ kþ 2l

(5a)

\c44 [ ¼ qðmixÞðV ðmixÞ
S Þ2 ¼ l (5b)

\c12 [ ¼ k (5c)

Young0s modulus: \Y [ ¼ l
3kþ 2l
kþ l

(5d)

Bulk modulus: \K[ ¼ kþ 2
3
l (5e)

Poisson0s ratio: \m[ ¼ k
3hKi � k

(5f)

Isotropic compliances: \s11 [ ¼ 1
\Y [

(5g)

\s44 [
1
l

(5h)

\s12 [ ¼ �\s11 [ �\m[ : (5i)

Figure 3 provides a comparison of the density and
acoustic velocities for aluminosilicate glasses. The com-
puted values employ the VRHx amorphization approach
applied to crystalline b-cristobalite (for silica) and sapphire
(for amorphous alumina) end-members coupled with W-S
additivity for the binary compositions.

The experimental values are based on measured data
from19,22,23 and trend-lines provided by Nassau et al.19‡

Elasticity data for b-cristobalite employed for the determi-
nation of the acoustic velocities is from Ref. 24,25 whereas
that for sapphire is from Refs. 18,20. The use of b-cristo-
balite as the crystalline phase from which the properties of
silica glass are computed is because, on those occasions
when SiO2 crystallizes from the melt, b-cristobalite is the
phase that generally forms.26 Further, it possesses the den-
sity of silica glass at ambient conditions (2.200 g/cm3) and
is crystallographically cubic (m�3m).18,27

Over the range from 0 to about 50 mole percent, where
aluminosilicate glasses have been formed, the modeling
and experimental results match more than adequately for
the purposes of this trilogy. Perhaps most importantly is
that the slope, representing the change in the property,
(density or acoustic velocity), with alumina concentration,
is consistent with those reported in the literature.

‡N.B.: The trend-lines provided in Figures 2 and 3 of Ref. 19 are inadvertently

reversed. The fitted density dependence (Figure 2) should be

D = 2.200 + 0.0084M (� 0.005) [g/cm3] whereas the fitted refractive index

dependence (Figure 3) should be nD = 1.4580 + 0.00192M (� 0.0003), where

M is the molar percentage of alumina.
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3 | BASIC MATERIAL PROPERTIES

3.1 | Refractive index (n)

The refractive index is the central optical property of a
material and enters into nearly all considerations of its lin-
ear and nonlinear performance.

As noted in Ref. 28 a power of the additivity model can
be seen in its remarkable resemblance to the often-used
Sellmeier model for a mixed system. The Sellmeier model,
which can be directly derived from the physics of the
macroscopic refractive index, is given for a unary material
by,29,30

n2 � 1 ¼
XN
i¼1

Aik
2

k2 � k2i
(6)

Here, n is the refractive index at (free space) wave-
length k, N is the number of oscillators used to fit the
refractive index data (typically 3 as in Ref. 29 or 4 as
in Ref. 30; this is often referred to as the “term” of the
Sellmeier fit; ie, a 3-term Sellmeier), Ai and ki, are the
oscillator strength and its resonant wavelength, respec-
tively. The binary form of Equation 6 can be found in
Ref. 29 where additivity in the mole fraction is usually
employed.

As an illustrative example of the simplicity and power
of the additivity model, consider the comparison provided
in Figure 4. Plotted there is the refractive index of the
SiO2-GeO2 binary system as calculated using the additivity
model and the Sellmeier model (data taken from Ref. 29).
The data used for the additivity model results are the mass
densities (2200 kg/m3 for SiO2 and 3650 kg/m3 for GeO2),
molar masses (60.08 g/mole for SiO2 and 104.59 g/mole
for GeO2), and end-member refractive index values (1.4442
for SiO2 and 1.5873 for GeO2 taken for a wavelength of
1534 nm). The index values between the 2 models differ
only in the 5th decimal place.

3.2 | Thermo-optic coefficient (TOC)

The refractive index as a function of temperature in a linear
regime may be expressed simply as n(T) = n0 + dn/dT
(T�T0) where the subscript “0” refers to some starting tem-
perature (T0) such as room temperature. This expression
may be substituted into Equation 1 to arrive at the follow-
ing simple expression for the additivity of the TOC in a
binary material,

dn
dT

¼ m
c
dnA
dT

þ ð1� mÞ
c

dnB
dT

: (7)

Generally, for a multicomponent glass Equation 7 may
be used with gi?dni/dT.

3.3 | Acoustic velocity (VA)

The acoustic velocity can be estimated using a similar
time-of-flight consideration for an acoustic phonon as the
refractive index was calculated using a photon. In this
case, both the aggregate acoustic velocity, Va, and the
total acoustic attenuation, a, through the unit fiber can
be deduced.13,31 The determination of the acoustic attenu-
ation is of interest to this work since multiplying it by
(Va/p) yields the Brillouin spectral width, DmB, which
will be used later to compute the Brillouin gain coeffi-
cient, BGC.

(A)

(B)

FIGURE 3 Density and acoustic wave velocities (shear and
longitudinal) for binary SiO2-Al2O3. Computed values are as a result
of VRHx amorphization of crystalline end-members (b-cristobalite for
silica and sapphire for “amorphous” alumina) followed by W-S
additivity [Color figure can be viewed at wileyonlinelibrary.com]
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For an n-component glass, these quantities are given by,

Va ¼
Xn
i¼1

mi � mi�1

Va;i

 !�1

(8)

DmB ¼ Va

p

Xn
i¼1

ðmi � mi�1ÞFiðmÞ: (9)

The factor Fi(m) in Equation 9 typically is given by
Fi = (m/mref)

2ai, where ai are the phonon damping coefficients
(m-1) of the oxide constituent(s), which typically are propor-
tional to the square of the acoustic frequency.32 For complete-
ness, however, it is worth noting that this relationship
generally holds for glasses, such as silica, where the maxi-
mum viscoelastic damping occurs far below the glass transi-
tion temperature, Tg.

33 For glasses such as those doped with
B2O3, where the dynamic viscoelastic damping processes
peak at temperatures above Tg, the acoustic attenuation is not
proportional to m2.34 Further, since there is dispersion in the
acoustic attenuation (a = a(m)), ai should be specified at some
reference frequency, mref. For ease, a convenient reference fre-
quency is 11 GHz, which corresponds to the Brillouin scatter-
ing frequency of standard single mode telecommunications
fiber, when measured at a wavelength of 1534 nm.13 In sum-
mary, since m and therefore a (at a fixed optical wavelength)
change with composition, Fi(m) takes this into consideration
by scaling the ai reference values accordingly.

3.4 | Photoelastic coefficient (p)

As shown and discussed in Companion Paper I,7 the Pock-
els photoelastic coefficient, p12, factors into both Brillouin

scattering and into the contribution of density fluctuations
to Rayleigh scattering. In order to deduce the p12 coeffi-
cients, consider the axial (z-axis) elongation of a fiber due
to an applied strain, ez. The transverse electric field compo-
nents of the propagating (assume x-polarized) optical mode
will experience a concomitantly modified refractive index,
nx, given by,

nxðeÞ ¼ n0;x � 1
2
ezn30;x½p12 � mðp11 þ p12Þ� (10)

where m is Poisson’s ratio and the subscript “0” corre-
sponds to the nominal (unstrained) value.35 This equation is
also valid for strain applied in the transverse (y) direction
also perpendicular to the optical polarization. If a trans-
verse strain is applied to the fiber in the direction of polar-
ization (ex), Equation 10 becomes,36

nxðeÞ ¼ n0;x � 1
2
exn30;x½p11 � 2mp12�: (11)

With these in hand, and assuming that the photoelastic
constants can be parametrically included into the additivity
model through the refractive index, then deduction of the
photoelastic coefficients are simplified using the transverse
(ie, strain transverse to polarization direction, ey,z) strain-
optic coefficient (eOC), which is defined as eOC = p12�m
(p11 + p12) and the parallel (ie, strain parallel to the polar-
ization direction, ex) stress-optic coefficient (rOC), which
is defined here as rOC = p11�2mp12. These definitions are
selected to disambiguate these values from the usual stress
optic coefficient, C, which is related to p44 = (p11�p12)/2
for an isotropic material, by C = �(n3/2c44) p44.

Accordingly, then, for a mixed binary glass of Compo-
nents A and B, the two effective strain-optic coefficients
are,

eOCeff ¼ 1
n30

½mn3AðeOCAÞ þ ð1� mÞn3BðeOCBÞ� (12)

rOCeff ¼ 1
n30

½mn3AðrOCAÞ þ ð1� mÞn3BðrOCBÞ� (13)

where n0 is the zero-strain refractive index of the binary
glass and, as above, m is the fractional volume of Compo-
nent 1. Given the transverse and parallel strain-optic com-
ponents, the p12 photoelastic constant for the aggregate
glass is:36

p12 ¼ ðeOCeffÞ þ mðrOCeffÞ
ð1� 2mÞð1þ mÞ : (14)

Figure 5 provides the calculated p12 photoelastic coeffi-
cient as a function of additive into silica for a number of
crystal-derived all-glass optical fibers,22,37-41 along with
corresponding measured data. For the cases of BaO, Al2O3,
and YAG, the additive model was fit to fiber-based

FIGURE 4 Comparison of the refractive index for a SiO2-GeO2

binary glass calculated using the conventional Sellmeier model and the
additivity model described herein. Data for the Sellmeier model are taken
from Ref. 28 whereas data for the additivity model are noted in the text
[Color figure can be viewed at wileyonlinelibrary.com]
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measurements and values of p12 for the non-silica additive
were subsequently determined. The calculation in Figure 5
provides an extrapolation to points beyond compositions
available for characterization, which should be taken with
caution as any structural changes to the glass outside the
available compositional range will cause the fittings to
break down. In the available compositional ranges, and in
all cases, the fittings are found to be very good. For the
alkali metal oxides, the model was fit to bulk data found in
Ref. 42, which is also reproduced in Figure 5. In the case
of spinel-derived fiber, the acoustically anti-guiding behav-
ior precluded the determination of p12 directly, so the value
for MgO found in Ref. 43 (p12 = �0.07) was instead used
in the modeling. Finally, in the case of SrO, its p12 was
deduced from a ternary glass (strontium aluminosilicate)
and that value was utilized in the modeling of the binary
system.

3.5 | Coefficient of thermal expansion (CTE)

In general, thermal effects in fiber-based lasers are known
to induce a variety of performance-modifying phenom-
ena.44 While the coefficient of thermal expansion (CTE)
does not directly influence the optical nonlinearities that
are the focus of this trilogy, it does influence the effective
thermo-optic coefficient, as first suggested by Prod’-
homme,45 which is believed to induce transverse mode
instabilities (TMI). Additionally, differential thermal expan-
sion between the core and clad (or cladding and coating)
can lead to polarization effects,46 increased transmission

losses,47 and phase shifts, the latter causing jitter in trans-
mission systems and noise in interferometric sensors.48 It is
worth noting that, in addition to differential thermal expan-
sion, thermal stresses also can be generated from differ-
ences in core/clad viscosity.49 Core/clad CTE mismatches
can also lead to some novel and useful phenomena not pre-
sent in bulk glasses, such as temperature independent
(athermal) and strain independent (atensic) Brillouin fre-
quency shifts.40,50,51

Many empirical models have been developed regarding
the additivity of the coefficient of thermal expansion in
glasses.52-56 Recently, the authors (MC, PD, JB) have used
the additivity of density, which is governed by Equation 3,
to develop an additive model for CTE in binary silicate
glasses,57 based on a derivation of the CTE for isotropic
solids such as glass. The expression of CTE takes the fol-
lowing form,

CTE ¼
X
i

CTEiqiyi
q

: (15)

Here, CTEi and qi are the coefficient of thermal expan-
sion and the density for each individual constituent of the
glass, respectively, whereas yi is defined as the volume
fraction per structural unit for each glass compound.

As shown in Figure 6, Equation 15 fits the data extre-
mely well, not just when considering the addition of ubiq-
uitous glass formers in silica (Figure 6A), but also for
some others dopants such as the alkaline earth family (Fig-
ure 6B).58-63 For completeness, it is noted that a proper
additivity relationship needs to be rooted in some physical
basis. For example, linear fits to the data in Figure 6 would
likely lead to acceptably good fits over a certain range, but
would have no physical meaning. The time-of-flight
approach and volume additivity for the refractive index
(Figure 4), and this CTE additivity (Figure 6) based on the
additivity of density both have their origins in the nature of
the systems which they are modeling.

3.6 | Specific heat and Debye temperature

The specific heat was shown in Companion Paper I7 to fac-
tor into both stimulated thermal Rayleigh scattering, which
facilitates transverse mode instabilities (TMI), and the den-
sity-related component of (classical) Rayleigh scattering.
Accordingly, its estimation through simple additivity rela-
tionships is of practical value. Toward this end, it is conve-
nient first to estimate the Debye temperature, ΘD,

64 which
arises in the consideration of the specific heats of elastic
solids and provides a quantitative estimate demarcating
classical (Dulong-Petit65) and quantum regimes. The Debye
temperature can also be informative as to the thermal con-
ductivity of a solid,66 which also factors into TMI through
STRS per the Dong formalism.67

FIGURE 5 Comparison of the calculated and measured/deduced
Pockels p12 photoelastic coefficient as a function of non-silica content
for selected fibers deduced using the additivity approach described in
the text. *Because of the acoustic anti-guiding nature of the spinel-
derived optical fiber, the p12 photoelasticity for MgO, taken from Ref.
43 was employed in the additivity model [Color figure can be viewed
at wileyonlinelibrary.com]
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For a single component, linearly-elastic solid, ΘD is
given by

HD ¼ h
k

� �
V

ffiffiffiffiffiffiffiffiffiffiffi
3qNq
4pM

3

r
(16)

where h is Planck’s constant, k is Boltzmann’s constant, q is
the number of atoms in the molecule, q is mass density, N is
Avogadro’s number, and M is molecular mass. V is the aver-
age acoustic wave speed given by V =

ffiffiffiffiffiffiffiffiffi
C=q2

p
, where C is

either cD, (Θ = ΘD), the true average elastic stiffness, or
<cmix>, (Θ = ΘDmix), the extended Voigt-Reuss-Hill
(VRHx) approximate average elastic stiffness (see Section
2.1 “A note on the use of crystal vs glass properties”).

For glasses comprised of a mixture of components,
Equation 16 is modified as follows. With fi

(mol) being the
mole fraction of the ith component, the expression for
Debye temperature is:

HD ¼ h
k

� �
� V �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hqiNhqi
4phMi

3

s
(17)

where <q> = Σi fi
(mol)�qi; <q> = Σi fi

(mol)�qi; and <M> = Σi
fi
(mol)�Mi, and where V =

ffiffiffiffiffiffiffiffiffiffiffiffiffi
C=hqi2

p
. It is worth noting that this

averaging uses the molar fractions, fi
(mol), whereas the previ-

ous additivity modeling generally employed volume fractions.
The elastic wave speed averaging procedure associated

with Debye temperature calculations affords a simple compar-
ison of the VRHx results with a more accurate computation.68

The Debye procedure globally averages the 3 plane acoustic
wave speeds (Vi) in a crystal over all propagation directions
The waves are labeled i = a, b, and c, denoting, respectively,
the quasi-longitudinal (pressure) wave, the fast and slow
quasi-shear (transverse) waves. The elastic stiffness associated
with each wave velocity is ci = q�Vi

2. In terms of the space-
averaged elastic stiffness, the requisite Debye expression is:

cD ¼ c
3
2
a þ c

3
2
b þ c

3
2
c

3

" #�2
3

: (18)

The VRHx algorithm also produces a global space aver-
aging; the resultant equivalent elastic stiffness correspond-
ing to cD is:

hcxi ¼ hcmixi ¼ hc11i�
3
2 þ 2�hc44i�

3
2

3

" #�2
3

: (19)

For VRHx averaging procedures to render accurate results
it is necessary that cx � cD. As a practical computational mat-
ter, the procedure necessitates covering a sphere with a grid
of finite patches, computing the velocities at a convenient
point within each patch, then summing the result over all
patches to approximate the true values that would be obtained
in the limit as the patch sizes diminish to zero. Depending on
the grid size and shape, this has, in the past, resulted in either
a loss of accuracy, or excessive computational effort. The

essential difficulty is the impossibility of uniformly tessellat-
ing a sphere. However, a precise and efficient algorithm
based on Fibonacci sequences69 is available to arrive quickly
at accurate results for cD to compare with <cmix>. It is found
that these generally agree within a few percent.

The molar specific heat capacity, cV, of the glass at a
given temperature then can be determined from knowledge
of the Debye temperature using the well-known relationship:

cm � 9NAk
T
HD

� �3 Z HD=T

0

x4ex

ðex � 1Þ2 dx: (20)

The Debye temperature for silica is about 365K in
the range from 70K to 370K.70 Accordingly, one is neither
in the cv / (T/ΘD)

3 quantum nor Cv/(3�NA�k) � 1
Dulong-Petit regimes. Tabulated values of the Debye inte-
gral are, however, readily available.

(A)

(B)

FIGURE 6 Evolution of the coefficient of thermal expansion (CTE)
for some binary silicate systems using Equation 15: A, Binary silicate
systems with canonical telecom dopants (ie, GeO2-SiO2, P2O5-SiO2,
B2O3-SiO2), with data taken from Ref. 59-63; B, Binary alkaline earth
silicate system (CaO-SiO2, SrO-SiO2, BaO-SiO2), data from Refs. 58,61
[Color figure can be viewed at wileyonlinelibrary.com]
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4 | CONCLUSIONS

Provided herein is a compilation of simple additivity models
for the deduction of the material properties of multicompo-
nent silicate glasses, central to optical nonlinearities, from
the properties of amorphous or crystalline end-member com-
pounds. More specifically, additivity as relates to the refrac-
tive index, density, acoustic velocity, photoelasticity, stress-
and strain-optic coefficients, thermal expansion coefficients,
thermo-optic coefficients, Debye temperature, and specific
heat are discussed and examples provided. In general, over
reasonable glass forming ranges in which the glass is pre-
sumed to remain compositionally uniform, homogeneous,
and structurally similar, the models are found to be suffi-
ciently accurate in order to guide the materials development
of optical fibers that exhibit reduced optical nonlinearities.
Use of these material properties to model the nonlinear coef-
ficients will be provided in the second half of this paper.
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